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Combinatorial Displacement of DNA Strands: Application to Matrix
Multiplication and Weighted Sums**
Anthony J. Genot, Jonathan Bath, and Andrew J. Turberfield*

Programming interactions through DNA base sequence
design underlies the use of synthetic oligonucleotides in
molecular computing.!! Toehold-mediated strand displace-
ment® is often used to orchestrate hybridization reactions
that compute. In this mechanism, a DNA strand is displaced
from a duplex by an invading strand which hybridizes first to
an overhanging single-stranded “toehold” domain. Toehold
hybridization provides a thermodynamic driving force and
accelerates strand displacement. The mechanism has appli-
cations in molecular computation,?*3! DNA-templated
chemistry,® autonomous machinery,” detection of specific
nucleic acid sequences,® and in the actuation of DNA
structures.!”’

In conventional strand-displacement systems, the toehold
and displacement domains are covalently linked during
synthesis. However, particularly in large systems where it is
necessary to control many competing interactions, it may be
desirable to reprogram the function of some strands without
having to re-synthesize the entire system;*! dynamic reprog-
ramming of strand interactions may also add computational
power. For example, DNA-templated chemistry applied to
combinatorial drug discovery may require control of inter-
actions within a large library of components.”! DNA logic
circuits that could classify gene expression, by searching for
patterns specific to a pathology,””! would rely on operations
such as matrix multiplication in which, for an n-dimensional
system, the number of intermediate computations grows as 7°.

Herein, we present a “combinatorial displacement”
mechanism in which toehold and displacement domains are
dynamically and combinatorially linked to form functional
displacing complexes. This mechanism considerably reduces
the number of strands that must be synthesized: 2n strands
can be programmed to form complexes to invade n’
substrates. Combinatorial displacement has a similar struc-
ture to matrix multiplication and is well suited to the
implementation of linear operations. We demonstrate Boo-
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lean matrix multiplications and the computation of weighted
sums using systems of DNA strands that grow only linearly
with the number of inputs or outputs.

The principle of combinatorial displacement derives from
the observation that the toehold domain and the displace-
ment domain need not be adjacent, nor covalently linked.?*"!
These domains can be carried by two separate strands,”*" the
toehold-domain and displacement-domain strands, which
form a functional displacing complex when linked by hybrid-
ization of complementary linking domains (Figure 1). In our
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Figure 1. Combinatorial strand displacement. When the toehold and
displacement domains are linked by hybridization of linking domains
(green), they form a complex capable of invading a two-strand reporter
complex and rapidly displacing an output strand. A strand having only
a displacement domain (black) cannot displace the output rapidly, and
a strand having only a toehold domain (red) cannot displace it at all.

method, 17-nucleotide (nt) linking domains hybridize quickly
(approximately 10°M~'s™)!" to form displacing complexes in
which the toehold domain (10 nt) and displacement domain
(16 nt) are separated by a flexible linker of two Tresidues and
the diameter of the linking duplex (approximately 2 nm).”” A
DNA design software package, NUPACK,"! was used to
design sequences that minimize the secondary structure and
interactions between unrelated linking domains. We mea-
sured the kinetics of combinatorial displacement using
reporter complexes (Figure 1): when the displacing complex
invades the reporter the dual-labeled output strand is
displaced and adopts a more compact conformation, in
which its fluorescence is quenched (Figure S1). The displacing
complex is capable of invading a complementary substrate
through a toehold-mediated strand-displacement mechanism
to form a three-way DNA junction at a rate of approximately
4x10*m~'s™! (Supporting Information, Figure S3).
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Only a complete displacing complex, containing both
toehold and displacing domains, is capable of rapid strand
displacement (Figure S3); the leakage reaction of a displace-
ment-domain strand with no associated toehold, or an
incorrect toehold, is 400-fold slower (100M 's™'; Fig-
ure S3).1%'2 The cooperativity of combinatorial displacement
gives a very simple AND gate, in which the inputs are the
toehold and displacement strands and the output is the strand
being displaced.

Once formed, the displacing complex is stable on the
experimental time scale.'” Two displacing complexes with
identical linking domains can exchange their domain strands
through nucleation and migration of a four-way junction, but
exchange is very slow in the presence of Mg”" ions and in
the absence of a toehold.™ The linking duplex can be
invaded by a strand with a complementary linking domain
(blunt-end strand displacement): this process, involving
nucleation and migration of a three-way branch junction, is
faster, but the rate constant is still only approximately
1M tgt10.12]

This modular system allows displacing complexes to be
generated combinatorially. One toehold-domain strand can
be linked to several different displacement-domain strands to
create complexes capable of displacing different target
strands. Similarly, displacement-domain strands can be
linked to multiple toeholds. This gives rise to the combina-
torial power of the mechanism: n toehold-domain strands and
n displacement-domain strands can generate up to n’
displacing complexes. Once a displacing complex is formed
by hybridization of linking domains, the sequence of the
linking domain has no further functional significance: dis-
placing complexes with different linking domains, but iden-
tical toehold and displacement domains, can invade the same
substrate. This property could be used to compute OR
functions.

To demonstrate the power of combinatorial displacement,
we computed the Boolean product of a matrix M and a vector
X (Figure 2). The algorithm builds on previous observations
that matrix multiplication and DNA hybridization share
a similar structure (Figure 2a,b).!" The value of each variable
is encoded by the presence (TRUE) or absence (FALSE) of
the corresponding strand. (Matrices, vectors, and their
elements, that is, mathematical symbols, are in Roman font,
and the names of corresponding DNA strands and their
component domains are italicized.) An element M;, in row
i and column k of matrix M is represented by a displacement-
domain strand M, of structure d;b,, where d; is a displacement
domain and b, a linking domain. An element X, in the row k
of the vector X is represented by a toehold-domain strand X,
of the form b,t,, where b, is a complementary linking domain
and ¢, is a toehold domain. Matrix strands M, bind to
complementary vector strands X, to form displacing com-
plexes d;b,  b;t, that, together, represent the ith element of
the output vector. These complexes displace output strands Y;
from the corresponding reporter complex (with domain
structure f,d; e d;), so the results of the computation can be
read out by measuring the intensities of output strand
fluorescence. This set of operations implements Boolean
matrix multiplication: the concentration of complexes capa-
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Figure 2. Boolean matrix multiplication. a) Rules of Boolean matrix
multiplication. b) Implementation using combinatorial displacement.
Matrix and vector elements are encoded by using the presence or
absence of specific DNA strands to represent TRUE (1) and FALSE
(0), respectively. Matrix elements are represented by displacement-
domain strands, vector elements by toehold-domain strands. Matrix
and vector strands bind to form displacing complexes whose concen-
trations are determined by the rules of Boolean multiplication.
Reporter complexes incorporate output strands Y; and Y, which are
covalently modified with a fluorophore and quencher, held apart by
hybridization in the reporter complex: displacement of the output
strand decreases their separation, leading to a decrease in fluores-
cence. c) Computation of 12 products. Reactions containing both
reporter complexes (10 nm) were incubated for 10 min before addition
of the matrix and vector strands required for the computation (66 nm).
The vertical axis shows the variation of fluorescence Fy-F,, which is
proportional to the quantity of the output strand displaced. All traces
from the same fluorescence channel are normalized by the same
constant, so that full displacement of an output leads to a signal of
approximately 1.

ble of displacing output Y; is non-zero if and only if 3,[M,]
[X,]#0.

The algorithm can be generalized to multiply two
matrices, using strands d;b; for the left matrix M and strands
bjt, for the right matrix N: (MN)y is represented by the sum of
displacing complexes ) ; d;b; o l_),-lk. The algorithm is econom-
ical: evaluation of the Boolean product of two n x n matrices
requires evaluation of n* AND operations, but the number of
strands needed for the computation scales as n’. One
fluorescent reporter complex is required for each element
of the product vector or matrix. We focused on the multi-
plication of a 2 x 1 vector by a 2 x 2 matrix which requires only
two fluorescence channels. To read out larger matrices,
alternative methods such as DNA micro-arrays, gel electro-
phoresis,"™! or plate readers should be considered.
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Figure 2¢ shows the results of 12 separate experiments,
corresponding to the multiplication of four vectors by three
matrices. In these experiments, assembly of displacing com-
plexes (computation) takes place one or two orders of
magnitude more quickly than displacement of the fluorescent
reporter strands (readout). The time for the reporter fluores-
cence signal to saturate ranges from 100s to 1000s. The
strand displacement rate for the reporter complexes is
strongly sequence dependent.!'”! For example, in the calcu-
lation of ((1) ?)(]‘), the displacement of Y, by the complex
M,y X, is 1.4-fold faster than displacement of Y; by M;; X,
(Figure 2¢). Competition between all matrix strands within
a column for hybridization to the corresponding vector strand
reduces the individual concentrations of the corresponding
displacing complexes and thus influences the rates of their
second-order displacement reactions. This competition is also
sequence-dependent: although pairs of matrix strands M,
and M,, have identical linking domains, their rates of binding
to X, can be different as their different toehold domains
introduce different secondary structures and interactions with
X,. Consider the product ( . ‘1)(?) rate constants for binding of
M,, and M,, to X, differ, with the result that three times as
many complexes M, X,, capable of displacing Y,, are
produced as complexes M;,-X,, capable of displacing Y,
(Figure S5). The combined effect of the different concentra-
tions of displacing complexes and their different reaction
rates is that the fluorescence change that reports the
calculation of M,X, is four times slower than that corre-
sponding to M»,X,. Competition between matrix strands was
used to perform analog computations below.

The primary focus of molecular computation is digital
computation, in which a Boolean input is encoded by the
presence or absence of a specific input strand™ or by the
presence of one of two strands representing the possible
values of the input.”®! Digital computation of a function of
one or more continuous variables is a formidable chal-
lenge.['* Tf high precision is not necessary, analog computa-
tion that directly processes DNA strand concentrations
should be simpler, faster, and more robust.!*) We next
demonstrated an analog circuit which takes as inputs the
concentrations of a set of n DNA strands X and returns an
output strand Y; whose concentration is proportional to their
weighted sum: [Y;]=X,w,[X,]. A weighted sum of digital
inputs can be computed using, for example, seesaw gates ;>
for continuous inputs, systems based on a damped catalyst and
competitive hybridization have been proposed.”"!*! We show
how weights between 0 and 1 can be implemented using the
competitive hybridization of displacement-domain strands.
Consider the method for Boolean matrix multiplication
described above applied to the multiplication of an n-
component vector by a 2 x n matrix, where the concentrations
of matrix strands are adjusted to correspond to the weights:
M ]=Awy; [My]=A (1—-w,), where A is much greater than
the concentration of any vector strand. If the competition
between matrix strands M, and M, is unbiased (if the rate
constants for the two reactions are the same) then the outputs
of the matrix multiplication algorithm described above are
represented by the following strand concentrations: [Y;]=
S Xl [Y2] = 2c(1—w)[X,]. In practice, it is necessary to
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adjust these concentrations to compensate for the different
rates of binding to X, of pairs of matrix strands M,, and M,,
(Supporting Information).

Figure 3 shows the output of a bias-corrected circuit that
calculates the weighted sum of the components of a specific
two-vector. This weighted-sum circuit uses only one reporter,
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Figure 3. Calculation of a weighted sum, the average of inputs X; and
X,. The gray plane is the best fit to the measured output concentration
[Y5] inferred from fluorescence measurements 11 h after adding the
inputs and weight strands. [Reporter complex] =10 nm,

[My ]+ [My] =16 nm.

that accepts displacing complexes d, b, e b;t, releasing strand
Y,. With both weights set to 0.5, a least-squares regression
shows that the output concentration varies linearly with the
input concentrations (R?=0.99), and that the fitted weights
(wy=w,=0.45+10%) are within 10% of the programmed
weights. Errors in the output of the circuit comprise
measurement errors (including pipetting and fluorescence),
calibration, and systematic errors. We estimate measurement
and calibration errors to be approximately 15% (10%
deviation from the programmed weights and 10% uncertainty
on the weights themselves). There are systematic errors
inherent in the design of the circuit: even in the absence of
any input, weight strands can slowly displace the output
strand from the substrate through blunt-end strand displace-
ment.'*'? The magnitude of this leakage can be estimated to
be approximately 10% of the average circuit output, corre-
sponding to the measured output for [X;]=[X,]=0nm
(Figure 3).

This circuit illustrates the typical trade-off between analog
and digital circuits."”) The physical errors of our analog circuit
could be reduced, but not suppressed entirely, by careful
calibration. In contrast, a digital circuit can compute with
arbitrary precision but requires more resources than an
analog circuit for low-precision computation, in part because
of the overhead inherent in digital signal restoration.

We have introduced a mechanism that allows combinato-
rial generation of complexes capable of toehold-mediated
strand displacement and can be used to perform matrix
multiplication. This mechanism is well suited to implement
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linear operations such as the calculation of weighted sums and
pattern recognition.” ¥l
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